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Introduction

Plates are important role in engineering applications so that they are used in aircraft
structures, nuclear vessels and etc. because of exposing to dynamic forces the
nonlinear vibration of plates is an significant area of applied [1].

Scientists employ different methods including numerical, analytical and
approximation methods to explore the nonlinear vibration of plates and beams [2-4].
Simply supported shear deformable cross-ply laminated plate was selected to study by
Huang and Shen [5]. They probed the nonlinear free and forced vibrations and dynamic
responses with piezoelectric actuators via an improved perturbation technique with
assuming mechanical, electrical and thermal loads. Singha and Daripa [6] used the
FEM to investigate large amplitude free vibration behavior of symmetrically laminated
composite skew plates with considering the effects of shear deformation, in-plane and
rotary inertia.

Heat conduction and temperature-dependent material properties are taken into
attention in the analysis of nonlinear vibration and dynamic response in graded
material plates in thermal environments by Huang and Shen [7] via improved
perturbation technique. To find the free vibration frequencies and the mode shapes of
plates, thick, circular and annular, a three dimensional analysis was performed by Kang
[8] via Ritz method. Nonlinear thickness variation was assumed along the radial
direction. Amabili [9] used three different boundary conditions in nonlinear vibration
of rectangular plates and verified with experiment for large-amplitude vibrations
around the fundamental resonance of the aluminum plate.

Nonlinear vibration in circular plate with variable thickness was solved by Ye [10]
via Runge-Kutta method for two different boundary conditions, the clamped edge and
the supported edge, with Maple V. Shen et al [11] studied nonlinear vibration for
simply supported, rectangular, single layer graphene plate, considering the thermal
effects and obtaining the material properties from molecular dynamics simulations.
Nonlinear free vibration of functionally graded sector plates, which were made out of
three types of graded materials were analyzed by Belalia and Houmat [12] with finite
element method. Skew and trapezoidal Mindlin plates for nonlinear free and forced
vibration by the use of a trapezoidal hierarchical finite element were analyzed by
Leung and Zhu [13].

Also other researchers used different methods to investigate plate vibrations like
differential quadrature method in laminated composite skew thin plates [14] and
Reinforced Composite Functionally Graded Plates[15] and functionally graded
variable thickness carbon nanotube annular plates[16], nonlinear finite element model
analysis of a laminated composite plate [17] and thin rectangular plate [18] , Galerkin
and Runge—Kutta method in initially stressed laminated plate [19] and impact on
CNTRC plates[20], perturbation analysis on thin CFRPs woven laminated plates [21]
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and etc. Liao and Marinca and Herisanu used Homotopy Analysis Method (HAM) for
offering a general analytic method [22-24].

Yonggiang et al [25] presented a solution for free vibrations of the symmetric
rectangular honeycomb sandwich panels via HAM. Fooladi et al [26] used HAM
solution of kirchhoff simplified model for beam. Jafari et al [27] used HAM and DTM
for the vibration of Euler-Bernoulli beams. In addition to the mentioned above
applications, HAM can be also employed in other parts like fluid dynamics and etc
[28-34]

To accelerate solution convergence, HAM with two auxiliary parameters was
applied to investigate the nonlinear vibration of a rectangular plate. The second
auxiliary parameter increases the rate of convergence [35-37]. In addition, the system
parameters effects on the amplitude of oscillation are displayed and different mode
shapes of the oscillation for various plate parameters are illustrated.

Problem definition

Figure 1 shows the dimension of a rectangular plate. The plate experiences large
deflection and also it has unknown displacements. The displacement relations based
on VVon Karman theory are obtained:

ulx,y,z,t) = uy(x,y, t) + za(x,y,t), 1)
v(x,y,zt) =ve(x,y,t) +zB(x,y,t), 2
W(x:y; Z, t) = WO(x'y' t)! (3)

where u, v and w are the displacement components in the directions of x, y and z,
respectively. Further, u,, v, and wy are the mid-plane displacements. a and 8 are the

angles between the normal to mid-plane before and after deformation, respectively.

Figure 1. Configuration of the rectangular isotropic plate.
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The Stress have five components as below:
N, M, N, 12M,

e A R N “
oy = R S = T S Q
Tyy = ;%<1 — 4i—z>, ()
Ty, = ;%(1 - 4}Zl—j>, (8)

where N is the membrane in-plane force, M is the bending moment, and Q is the
internal shear force that are clearly shown in Figure 2. By considering the first order
shear deformation theory and variation calculus the force-displacement relations for

an elastic isotropic plate are obtained:

Figure 2. Plate's internal forces and bending moment.

It is easily obtained the following equations by calculating the kinetic and potential
energy as well as using the Hamilton principle for conservative systems:
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oM, oM ph3

L 0
oM, oM ph3
ot YT 1 e (10
dN, ON.
Tty TP -
dN,, 0N
Dy T ok =P hve 4
ON, N 82W+6Ny N 62W+6ny

ax X T x g2 dy Wy Ty dy? = 0Ox Wy 13)

JN. o’w 0 d
+—xywx+2N i Qy:phwtt,

dy Y 0xdy T T dy
The boundary conditions, obtained from the Hamilton principle, are as follows:

atx=0and x = a:

u = 0,orN, =0, (14)
v =0,0rNy, =0, (15)
w = 0, orQ, +Nxa—W+nya—W= 0, (16)
0x dy
a=0,0orM, =0, a7
p = 0,0rM,, =0, (18)
andaty =0&y = b:
u = 0,0rNyy, =0, (19)
v =0,0rN, =0, (20)
W=0,orQy+nya—W+Nya—W= 0, (21)
x dy
a = 0,0rM,, =0, (22)
p =0,orM, =0, (23)

It is possible to assume that transverse motion occurs basically. An Airy stress

function ¢ can be introduced as follows:
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%¢
Ny = 3y (24)
9%
Ny = 7 (25)
9%
- _ 26
Ney 0x0y’ (26)
By Substituting the airy stress functions in the motion equations:
0?2a D(1-v)d?a D(1+v) 3%p 5Eh ow
+ + - (a + —)
0x? 2 dy? 2 oxdy 12(1+v) ox 27)
ph®
BV
926 D(1-v)d*B D(1+v) 9%a Eh ow
pdf PA-v)I°F DA+v) B ( B+ _)
dy? 2 0x? 2  0xdy 12(1+v) oy 28)
ph®
- Eﬂtt =0,
029 d?w 02%¢0d? 02 S5Eh da 0
4 1222 L (—a+—'3+v2w)
0x? dy? = 0dy? 0x? oxdy 12(1+v)\dx dy (29)

—phwy =0,
for the middle surface strains the proper compatibility equation must be considered as
below [38]:

Vip = Eh

2w\> 92waw
- , (30)
0xdy 0x? dy?
Eliminating « and B from the above equations, one can derive the following equation

(the motion equation in the transverse direction for a rectangular isotropic elastic

plate):
DXA-v) o, Dph*B3-v) , 0 SDERG-v) , ~ 25E%h*  SpER* %)
2 24 a2 24(1+v) 144 (1 +v)2 ' 72 (1 +v) a2

0%2pd*w 9%pdiw % 0*w S5Eh
———t———-2———t————VPWw—phW 39
[axz dy? + 0y? 0x? 0x0dy 0x0y + 12(1+v) w=p W] ( )
SER [SDER(1-v)_,  25E%h* _,  SpER* 9%]
20+v)| 24 (Q+v) 1440 +v)?2’  1sa(Q+vyaez|” "

0,
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3
In the above equation D = 12(Elh—v2)' Without considering the effect of shear

deformation and rotary inertia, the classical plate theory (CPT) is derived as Eq. (40):

92 0%¢p 9?2 09%¢ 0° 0%2¢p 02
— w =0, (32)
ot? 0x?0x%? 0y? dy? dxdy dxdy

The Airy stress function (¢), defined in Egs. (24)-(26), is to satisfy the Eqg. (30). Based

on the definition of Airy stress function, the general boundary condition of the plate
can be presented as:

_f+a/2 1 (3%2¢p 0% 1(aw0)2
Y= ) e [ER\ay? ~ Yaxz) " 2ax
=0,

j+b/2 1 < R +62 ) 1(6w0)2] e = 0 0N 9%
Vo = — | v — —= | X = U, 0r =T
0 —bj2 |Eh dy?  dx%2) 2\ oy Y 0xdy (33)

) (paWO 62§0 6W0 _

62
dx = 0,0rN, = 392

NS

(32)

WO—OOI‘KGh(

dy? ox oxdy dy (34)
0,orM, aa+ =0
@ =00 = 9% ay ’ (35)
0,orM a+6,8 0
p=00rMyy = dy ox (36)
b,
aty-—;&y—;
tal21 1 (9% 29\ 1 /0wp\>
to = f, lE_h (a—yz‘ ”W) -3(5) l dx =0,0rNyy
0% @37)
~oxdy
thi2rg 2%¢ az<p) 1 0w\’
Vy = — | v=—+=—= ——(—) l dx = 0,orN
0 f,,/z Eh< dy?  ax?) 2\ ady y
0%¢ (38)
oz 2
ow, d%¢p dw, 0@ dw,
ok G (M g L0 _Ppove
Wo or dy +h 0xdy dx  0x? 0y (39)
0,0rM,,, aa!+aﬁ—0
a=nor dy = oax (40)
0 orM. = 60( 6B _ 0
p=0orMy =vart oy =0 (41)
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For more information about the procedure to obtain the Egs. (32)-(41), please see [1].
The transverse mode shapes of the system are obtained by solving the Eg.
Error! Reference source not found.. By considering movable simply supported the
boundary condition equations are:

atx = —a/2and x = a/2:

_j-+a/2 1 az¢ az¢ 1(6W0>2 e 0 orN _az(p
Y= ) e [Er\ayz " Yaxz) T 2ax ) | T O T (51

=0,
+b/2 1 62¢ 62(p> 1 aWO 2
Vo = — | V=1t == ——(—)]dx=0,orN
0 f_b/z [Eh( ayz " ax%z) 2\ ay SA
_ % _,
©oxdy
wo = 0, (53)
da df
=— 4 = 54
xy 6y+ 0x 0. (54)
B =0, (55)
aty=—b/2&y=b/2: ,
y zf“‘/z R _l(%) dx =0 orN.. = 29
® ) 4 |[ER\OY? “ox?) 2\ox PR T 9xdy  (56)
=0,
/2T %p 0%\ 10wy’ 0%
= | =V ——= _— || = N = —
v f_b/z _Eh< Vay? +6x2> Z(Oy) ] dx=00ly =522 (1)
=0,
WO = 0, (58)
a=0, (59)
m,=v2%4 %y 60
y = Vox ay (60)

Using the Galerkin method, explained in detail by Rashidi et al [1], the non-
dimensional equation is obtained in the form of:

a fP+ayf+asf’'+a, fPf" +as f(f)? =0, (42)

where r = h/a and
m8r® 3-v) 5n°(B-—-v)*rt 257*r?(3 —v)
M= 5304 (1 —v2)2 | 2608(1 —v2)2 | 4608(1 + vD)(1—v)
3 5mért 25m4r?
% = 1728+ v)2(1 —v?) | 1728(1 + V)2(1 — v2)

(43)

(44)
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mhrt 5m2r?(23 — 11v) 25
1728(1 + V)2(1 —v2) ' 3456(1 + v)(1 —v2) ' 576(1 + v)?
wér®(3 —v)? 5rr*(3—v
a, = ( ) N ( )' (46)
1536(1 —v)(1 —v2)  768(1 —v?2)
o wér®(3 —v)? 5mtr*(3 —v) “7)

T 768(1 —v)(1 —v2) | 384(1 —v?)’

subject to the following boundary conditions:
f(0) = amp, f'(0) = 0, (48)

The first term of Eq. (42) shows the nonlinearity in the stiffness and the last two terms
are the nonlinear terms in inertia.

Solution by Optimal Homotopy Analysis Method

Consider the suitable initial approximation, due to the boundary conditions and the
rule of solution expression
It is important to mention that « is the second auxiliary parameter, which is used to

accelerate the convergence of the series. The auxiliary linear operator L (f) becomes:

62
Le(f) =6—112+a2f' (69)

which the following property is satisfied

Lf(clsin(ax) + czcos(ax)) =0, (70)

where ¢;, i =1 — 2,are the arbitrary constants. According to the Eqg. (61), the
nonlinear operator is introduced as

%f(¢t; . 221 (t;
PO | aufes p2 LG

N:[f (& p)] = arf (6 P)* + axf (t; P) + a3

A of ; 2
vasf(e p) (L5

(71)

where p € [0,1], is the embedding parameter. The zero-thorder deformation equation
is formed as

(1 =p)L[f (&5 ) = fo(O] = PhHON:[f (&5 )], (72)

where #, is auxiliary nonzero parameter and the auxiliary function #¢(¢) is selected
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as
He(t) = 1. (73)

subject to the boundary coAnditions
fom=am, LD »

It is obvious that when penhances from 0 to 1, £(t; p) varies from f,(t) to f(¢).
Finally by the Taylor's theorem, we obtain

f@& p)=fo® + mzl fm @) p™, (75)

where

1 9a™f(¢t;
ey ==& P)

m!  dp™

)

p=0 (76)

The convergence of the series (75) is strongly depended on the auxiliary parameter
[22]. Assume & is chosen such that the series of Eq. (75) is convergent at p = 1, we
have

F©) = fol®) + mz fn(0), -

Due to mth-order deformation equation, differentiating Eq (72) mtimes with respect
to p and dividing by m! at p = 0, we have:
L#f [fm(t) —Xm fm—l(t)] =h }[f(t)Rf,m(t):

(78)
where
n-1 j aZ »
Rrm(®) = a1 2 <fn-1-/(r) bl (ﬁ(tm_i(t))) tarfyy a2 01O
J= i=
' : (79)
S LSS0 I, (0,0 0f; ()
““j=o<szi§o(ﬁ<f)ﬁ_i(r))>+asj§0<fn_1_,(r)i§0( 0 2% ))
and
xm={1 WA )

With respect to the following boundary conditions
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dfn(0) _

fm(0) = amp, ”

0, (81)

The symbolic software MATHEMATICA is applied to solve the nonlinear equation,
Eqg. (78) with the boundary conditions (81), one after the other in the order of m =
1,2,3,...

2ta(4a, + 3a,amp? + (—4as + (—3a, +
£i(t) = 2 1amp 3 4 (8

+amp?(a; — (a4 + as)a?)sin(2at)

1
Tea? {amp h sin(at) <

2)

The convergence of the series of Eq. (75) forcefully hinges on the auxiliary parameter.
The h —curve of f''(0), obtained by the different orders of approximation, is
illustrated in Figure 3. In order to find the optimal value of A, the residual error is
displayed by Eq. (83). The residual errors for third order of approximation of Eqg. (83)
are shown in Figurs 4-5. The results display that the amount of error is shown to
increase when the initial amplitude is increased.

dz dZ
Resy = a; f@O3 +a, f(©) +a; dj;(Zt) +ay f(t)? d]::(zt)
df ©))? (83)
+as £(©) <7> ,

2.2x10°

— - — 2th-order approximation
—— — 3th-order approximation
1.8x10° 4th-order approximation _|

6th—order approximation

6l
1.4x10' \

f (0)

Figure 3. The & —curve of f''(0) obtained by different orders of approximation of

HAM whenv =0.3,r = 0.1, f(0) = 0.0002, and a = 0.575.



Mohammad Ali Kazemi and et al. Investigation of Von Karman rectangular ...

5x10%

25x10% | / \ i

\ / |
oadk \ / \ E
— f |

Residual Error
|
[
|

25x108 | ~ | B

\ |
-5x108 | \ =

-7.5x10% L L
0 5 10 15 20 25 30

Figure 4. The residual error for Eq. (83) using third order of approximations when
v=0.3,r=0.1, f(0) =0.0002,and ¢ = 0.575.

4E-18 T

—— 1(0) =0.0001
— — 1(0) =0.0002

2E-18 |- / -

Residual Error

2E-18 | “\ 4

“4E18| i

-6E-18
0

Figure 5. The residual error for Eq. (83) using third order of approximations for

different initial amplitude when v = 0.5, = 0.05 and a = 0.325.
Results and Discussions
Graphical representation of results is very effective to illustrate the efficiency and

accuracy of the HAM solution. In order to highlight the validity of the analytical
method which is used in this research, we compare our results with the numerical
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solutions obtained by using bvp function from Maple and the results of homotopy
perturbation method (HPM) which are presented by Rashidi et al [1]. A very good
agreement can be observed between them. It is important to note that the second
auxiliary parameter is applied to increase the straight line region of 4 —curve and
accelerate the convergence of the series. As depicted in Figure 6, the HAM solution
without considering the second auxiliary parameter, can't give the correct solution. The
comparison of amplitude oscillation between the HAM, HPM and numerical solution
is shown in Table 1 and Figures 7-8. It is clear that the HAM results have the less error
percentage than the numerical solution in compared with the HPM solution.

0.004

T
— — HAM (@=1.0)
HAM («'=0.9)
@ & Numerical

0.003 [ /\ i

0.002

-0.001

-0.002

0,003 L L L L L

Figure 6. Comparison of amplitude oscillation for the HAM, HPM and numerical
solutionwhenv =0.3,r = 0.1, f(0) = 0.0002 and a = 0.575.

Table 1. Comparison of amplitude oscillation for the HAM, HPM and the numerical
solution whenv = 0.3,7r = 0.1, f(0) = 0.002 and a = 0.575.

t Numerical HPM HAM Numerical-HPM  Numerical- HAM
5 —0.0019346 —0.00193463 —0.00193461 2.58193 x 1078 1.80492 x 1078
10 —0.00174274 —0.00174279 —0.00174275 —4.84862%x107® —9.25511x 10~°
15 —-0.00143697 —0.00143703 —0.00143694 5.84358 x 1078 —3.41738 x 1078
20 —0.00103727 —0.00103725 —0.00103722  —5.85421x 1078 2.1476 x 1078
25 —0.000569769 —0.000569807 —0.000569766 4.80009 x 1078 —3.12375x 107°

30 0.0000650315 —0.000065044  0.0000650314  —3.9926x 1078 1.2389 x 10710
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0.0003

—— HAM

0 0002'5% ¢f“¥x %m*
0.0001 |- f
\ % *
L

YRS

-0.0002
0

10

Figure 7. Comparison of amplitude oscillation for the HAM, HPM and numerical
solutionwhenv =0.3,r =0.1, f(0) = 0.0002 and a« = 0.575.

3ES -

HAM

¢ ¢ HPM
* % Numerical

L L
20 25 30

Figure 8. Comparison of amplitude oscillation for the HAM, HPM and numerical
solutionwhenv = 0.3,r = 0.04, f(0) = 0.00002, and a = 0.265.

The effect of v on amplitude oscillation is demonstrated in Figure 9 for the cases
of v =0.1,0.3and 0.5. It should be noted that the amounts of second auxiliary
parameter are equal to 0.325,0.295 and 0.325, respectively. Figure 10 displays the
effect of » on amplitude oscillation for the cases of » = 0.05,r = 0.1,r = 0.15. The
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values of second auxiliary parameter are equal to 0.285, 0.575 and 0.81, respectively.
The influence of initial amplitude variation on amplitude oscillation is illustrated in
Figure 11. The selected values of initial amplitude are equal to 0.0001 and0.0002.
Figurs 12-17 depict the different mode shapes of oscillation for different values of
physical parameters.

0.0015

—— v=01
— —v=03

4 & Numerical

0.001

0.0005

f(t)

-0.0005

-0.001
0

Figure 9. The effect of v variation on amplitude oscillation when r = 0.05 and f(0) =
0.001.

1.5E-5

r=005
—-—r=010

— —r=015
¢ Numerical

(0

Core ‘
Vs N
YR .4

0 5 10 15 20 25 30
t

Figure 10. The effect of r variation on amplitude oscillation when v = 0.1 and
f(0) = 0.00001.
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0.0003

T
— f(0) =0.0001
— — 1(0) =0.0002
0.00025 |- ¢ @ Numerical

0.00024
0.00015 -

0.00014

-0.0001 |-

-0.00015 |

-0.0002
0

Figure 11. The effect of initial amplitude variation on amplitude oscillation when

v=0.5, r=0.05 and a=0.325.

>0.00075
l 0.0006029412
0.0004558824

0.0003088235
-0.0002

-0.0004

200006 | 1.470588E-5

-0.0008 ¥ .0.0001323529
10 -0.0002794118
-0.0004264706

0.0001617647

-0.0005735294
-0.0007205882

Figure 12. Different mode shape of oscillation for v=0.05, =0.15, f0=0.001, a=10,
h=1, =0.9 and t=25.
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0.00025
0.0002 >0.00021
%00015 Io.oomoxsz;s
0.0001
SE-S 0.0001276471
8.647059E-5
-SE-5 4.529412E-5
-0.0001 )
4.1176E-6
-0.00015
00002 | -3-705882E-5
i -7.823529E-5
-0.0001194118
-0.0001605882
-0.0002017647
10

Figure 13. Different mode shape of oscillation for v=0.05, =0.15, f0=0.001, a=10,
h=1, @=0.9 and t=5.

0.0009

I 0.0007235294
0.0005470588
0.0003705882
0.0001941176
1.764706E-5

-0.0001588235
-0.0003352941
-0.0005117647

-0.0006882353
-0.0008647059

Figure 14. Different mode shape of oscillation for v=0.05, =0.15, f0=0.001, a=15,
h=1, =0.9 and t=10.
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> 0.00075

l 00006029412
00004558824
00003088235
0.0001617647
1.470588E-5

-0.0001323529

-0.0002794118

-0.0004264706

-0.0005735294
-0.0007205882

Figure 15. Different mode shape of oscillation for v=0.05, =0.15, f0=0.001, a=12,
h=1, a=0.9 and t=25.

[ [ ]
) /
]

= > 0.0006

| l 00004823529
0.0003647059

0 00002470588

\ -0.0002 0.0001294118

. i 1.176471E-5
.. ; -0.0001058824
‘. N -0.0002235294
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Figure 16. Different mode shape of oscillation for v=0.05, =0.15, f0=0.001, a=7,
h=1, =0.9 and t=20.
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Figure 17. Different mode shape of oscillation for v=0.05, r=0.15, f0=0.001, a=5,
h=1, =0.9 and t=15.

Conclusion

In the present study, the motion equations for an isotropic elastic plate in the
presence of shear deformation and rotary inertia effects are derived in the form of the
nonlinear differential equation with respect to time by the help of the Galrekin method.
It is important to notice that this equation has nonlinearities in stiffness and inertia. In
order to solve this ordinary nonlinear differential equation, the analytical method
called HAM is employed. In this problem, due to high order of nonlinearities, the
second auxiliary parameter is used to accelerate the convergences of the series. A
comparison has been done between the HAM, HPM and numerical solution results.
An excellent agreement can be seen between them. It should be mentioned that the
HAM results have the less error percentage than the numerical solution in compared
with the HPM solution. The HAM doesn’t depend on any small physical parameter,
despite the perturbation method. The effects of involved parameters such as r, v, initial
amplitude on amplitude oscillation are checked and the different mode shapes of the
oscillation for different physical parameters are illustrated.
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