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1) Introduction

Axisymmetric cylinders are used in many ocean engineering applications
such as drilling rigs, buoys and instrumentation platforms because of their simplicity
of construction. In fluid mechanics, added mass or virtual mass is the inertia added
to a system because an accelerating or decelerating body must move (or deflect)
some volume of surrounding fluid as it moves through it. Hydrodynamic coefficients
for simple vertical circular cylinders at finite depth were reported earlier by Sabuncu
and Calisal [1]. A comprehensive set of theoretical added masses and wave damping
data for a floating circular cylinder in finite-depth water is presented by Yeung [2,
3] . The usual methods of calculation for such geometries obtained on finite element
solutions by [4] or on the solution of integral equations. Bai [5] calculated added
mass coefficients for horizontal and vertical cylinders.

The loads associated with the motion of the structure are examples of one
category of hydrodynamic loads. Those loads are present due to various factors, for
example, wave excitation, ice impact, or ground acceleration. If the structure is large
enough compared with the length of the water particle excursion, flow separation
will not occur, the drag force component is negligible, and the flow tield can be
treated by classical methods of potential theory. The problem can be further
simplified by linearizing the governing equations with the help of the additional
assumption of small amplitude motions. Then an added mass and a damping
coefficient, which correspond to components that are in phase with the acceleration
and velocity of the structure, respectively, can be used to express the resulting
hydrodynamic forces. The added mass is associated with a mass of fluid that is
accelerated by the structure due to the generation of surface waves. Of the two
approaches available, the numerical approach can be applied to compute
hydrodynamic coefficients for a large structure of arbitrary geometries using a
boundary integral method, a boundary element method, or a finite element method.
To predict the added mass and damping coefficient of bodies oscillating in a free
surface, there exists a variety of elaborate numerical techniques in the literature.
Faltinsen and Michelsen [6] and Fenton [7] used the traditional wave source
distribution method (Green’s function method) [8]. Bai and Yeung’ and Che and Mei
[9] used the finite element variation method. Rahman [10] present a good account of
the theoretical development. Second-order theory applicable to a finite depth case
has been done by Rahman and Chakravartty [11]. Two more papers by Rahman [12]
have appeared in the literature concerning the second-order diffraction theory.
Drobyshevski [13] applied the methodology of matched asymptotic expansions to
obtain analytical solutions [14] for hydrodynamic coefficients of a circular
cylindrical platform in extremely shallow water.

Rahman and Bhatta [15] described an analytical solution to the velocity potential
that governs the linear radiation problem. Two numerical methods have been
reviewed to predict hydrodynamic loadings on the submerged cylinders advancing
in waves in by Wu [16]. Also a computation of added mass and damping coefficients
due to a heaving cylinder has been done by Bhatta [17]. A theoretical model of an
added mass representation for a flexible cylinder vibrating in a fluid medium was
presented by Han and Xu [18]. Bonion et al [19].presented a multiphase model for
the added-mass phase to have a different temperature and density than the particle
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and bulk-fluid phases, and to account for mass transfer from the particle phase to the
added-mass phase. Also, Sanchez et al [20]. presented a model, which allows for a
more precise representation of the added mass terms in the potential flow equations,
combining low computational cost and accurate modeling.

The present paper considers the added mass and damping coefficient for a vertical
surface-piercing circular cylinder extending to the seabed and undergoing horizontal
oscillations. An analytical solution using an eigenfunction expansion is obtained for
the linear radiation problem. Attention is given to the low-frequency and high-
frequency behavior of the hydrodynamic coefficients. Theoretical predictions are
presented in graphical forms and compared with the other analytical work collected
by Rahman and Bhatta [15]. In addition an order study for solution of added mass is
presented.

2) Formulation of the Problem
As shown in Fig. 1 (see to Ref [15]), the circular cylinder of radius @ with a
vertical surface-piercing that extends to the seabed in water of depth h (Fig. 1). This

cylinder undergoes a sinusoidal, unidirectional motion with displacement 40) and
velocity u() given by (see to Ref [15])

cty="2e e, )
(4]

u(t)=Ue ", (2

The flow assumed to be irrotational and consider an incompressible flow. The
flow can be described by a complex velocity potential ¢ that satisfies the Laplace
equation within the fluid region (see to Ref [15])

V?p=0, (3)
ﬁ+l%+iﬁ+az_¢—o (4)
o’ ror r?ed* ot

This velocity potential is subject to kinematic and dynamic free surface boundary
conditions to bottom boundary condition, to body surface boundary condition, and
to a far field radiation condition. The boundary conditions for this case are as

follows:
Kinematic dynamic free surface boundary conditions

9 _on

at z =0, 5
o0z ot ®)

dynamic free surface boundary conditions
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0
=——( ¢) at z =0, (6)
therefore
¢ O
——+0g—=0 at z =0, 7
or? gaz ")

bottom boundary condition

a9
=0 at z =-h, 8
0z ®)

body surface boundary condition

%,

at r=a, —h<z <n, 9
o o n 9)

far field radiation condition
. oo .
g@ﬁ(a—f—nk@:o, (10)

In this equations, T is the complex free surface elevation above the still water

level produced due to the oscillation of the cylinder and Vi is the velocity of the
cylinder surface that is normal to the surface. It could be wrote

V, =U cos(d)e"". (11)

3) Solution procedure

In this section Eqg. (4) with its boundary conditions is solved by the separation of
variables method. The governing partial differential equation has been transformed
into a system of ordinary differential equations. The final solution can be expressed
as a product of the solutions of the ordinary differential equations, each of which is
an equation containing only one of the independent variables. Thus the product
solution can be written as

#(r,0,2,t) =R(r)&(0) Z ()T (t). (12)

The velocity potential ¢ may be expressed in terms of an eigenfunction
expansion that satisfies Laplace’s equation and all relevant boundary conditions

stated above except that on the body surface. In addition we can assume T to be
proportional to e’ Ifwe replace Eqg. (12) into Eq. (4), then
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R"(r)®(0)Z (z)T (t) +%R 'r\eO)Z (z)T (t)+

! (13)
r_ZR NO"BZ@)T t)+R(r)B(E)Z"(2)T (t) =0,

division two side of this equation to R(r)®(6)Z (z)T (t)
R(r) 1R'(r) 10'0) 2"2)_|,
R(r) rR(r) r2e© z@) (14)

where a prime denotes differentiation with respect to the argument. Introducing
separation constants M and K. we can write this equation as

R"(r) 1R'(r) m* ., _

R(r) i R(r) r? +k*=0, (15)
O"(0)+m?O(h) =0, (16)
Z"(z)-k?*Z(z)=0, (17)

For obtaining a physical solution must m? >0. Various conditions for k will be
investigated.

3.1. Propagating mode of solutions (k*>0):

For k* >0, solutions of ordinary differential equations (15-17) could be shown

simply as
R(r)=C,J, (kr)+C,Y . (kr), (18)
0(0) =C,Cos(mb) +C,Sin(mé), (19)
Z (2) =C, cosh (kz ) +C, sinh (kz ). (20)
Therefore

#,(r,0,z ,t) = A cos(m@)[B cosh (kz ) +C sinh (kz)]H *(kr)e " (21)
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where A,B and C are arbitrary constants. It is to be noted here that this form of

solution satisfies the far field radiation condition stated by Eq. (10). From Egs. (8),
(21)

_ g sinh(kh)
~~ cosh (kh)’ (22)
Therefore

__ cosh(k(z +h))
2(2)=B = (kh) (23)

Then, the free surface boundary condition (6) gives rise to the condition

’° = gk tanh (kh). (24)

Which is known as the linear dispersion relation. Here K is the wavenumber and
can be regarded as the eigenvalue. The transcendental equation (24) has only one

eigenvalue and hence corresponding to the eigenvalue k., there is only one

eigenfunction Z(2). It will be clear from the evanescent mode of solutions that we
are going to consider next that the solution of Z —differential equation forms an

orthogonal set of eigenfunctions Z@)}n=012.., defined in the interval
~h <z <0. From the orthonormal property of the eigenfunctions, we can write

:I_h B2 cosh? (k (z +h))

=1,
cosh? (kh)

[* z2@)z =1,

= B2[ cosh?(k (z +h))dz = cosh? (kh), (25)

so that

g = cosh(kh)

R (26)

where

sinh (2kh)
1 i)
\/ a+ 2kh “kn ) @7)
thereupon
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4 (r,0,2,t) =, cos(mO)f (z)H  (kr)e ', (28)

where

cosh(k (z +h))

fo(z)= C, (29)

and ¢, isthe unknown complex coefficient.
3.2.  Evanescent mode of solutions (k> <0):

For k? >0, solutions of ordinary differential equations (15-17) could be shown

simply as
R(r)=C,J,, (-ikr)+C,Y , (-ikr), (30)
0(8) =C,Cos(mO) +C,Sin(mé), (31)
Z(z)=C,cos(kz)+C,Sin (kz). (32)

In this case, a general solution for the evanescent mode can be obtained by a
suitable combination of all these particular solutions:

$,(r,0,z,t)=Acos(md)[B cos(k,z)+C sin(k,z)IK, (k,r)e"" (33)

where A,B and C are arbitrary constants. It is to be noted that recent equation

satisfies the far field radiation condition. Using the bottom boundary condition (8),
we obtain

Z(z)=Bcos(k,z)+Csin(k,z)=B cos(k, (z +h))

cos(k.h) (34)

Thus using condition (7), the dispersion relation in this case becomes
w° =—gk,, tan(k h), (35)

This equation has an infinite number of roots, in other words, an infinite number
of eigenvalues k,,n=1273,... corresponding to each eigenvalue, there is an

eigknfunction Z,(z). It can easily be shown that the set of functions
{Z (2)},n=0,12,..., (0includes the propagating mode) is an orthogonal set defined
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in the interval —h <z <0. Thus as before an orthonormal set will be given by using
the property,

0, 2
[ 2. @)z =1 (36)
so that
B cosh (k, h)
T ¢ (37)
where
_|h sinh (2k ,h)
C, = \/E(“W)’ (38)
thereupon
,(r,0,z ,t):nzz;‘[anm K, (k,r)f (z)lcos(m@)e ', (39)
where

cos(k,(z +h))
C (40)

n

fo(2)=

and ¢, isthe unknown complex coefficient.

3.3.Added mass and added damping:

Total velocity potential is obtained by superposing all the solutions given by Egs.
(33) and (39) for each M

#(r,0,z,t)= Z [¢. cos(m@)le ", (41)
where
o =t H 20 @)+ D Ky (K1 (2] )

When %m and % are initially unknown complex coefficients. From Egs. (9),
(11), and (41), we obtain
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> [k, H, (ka)f, (z)+2[kn &K, (k) @)T]cOSMO)] =U cos(6). (43

m=0

For m =1:

ket H (@)To(2) + D[k, (K 20, ()] =U. )

=1

f (z),n=123,.

Set of functions "n * is an orthonormal set defined in —h < <0.

Therefore, to obtain the unknown complex coefficients %ot and %' we multiply
both sides of Eq, (44) by |1 (*) o1 =013
over N.0): which yields

j [k HY (ka)f,(2) +Z[kn a, Kk @)f, @), (z)dz =jthfj(z)dz. 45)

and integrate with respect to Z

For j=0:
1! 0
kay HY (ka)=U [ fo(z)dz, (46)
andfor j=n:
k.a, K, (ka)= uj f (z)dz, 47)
therefore
U 0 U sinh (kh
oL = 1! Iff z)dz = 1! ) (48)
kH (ka) kHY (ka) KC,
and
g, ——9 st g og 40
k.K/(k,a) Kk, (49)

The linearized unsteady form of Bernoulli’s equation is
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8¢
8t +P =0, (50)
thus
P(r,e,z,t):—pgt—¢:iwp¢(r,0,z,t). (51)

The total horizontal hydrodynamic radiated force on the cylinder is given by

F :JO J‘ZZ—P(a,G,z t)cos(f)adfdz =i a)pa_[j)h J'OZ”qS(a,&,z,t)cos(@)d 0dz

-hJo
3 | 52
=i wparfay, H,'(ka)c, + ) (a,, K, (k,a)c,)Je . (52)
n=1
Where
_sinh(kh) c _sin(k,h)
° k¢, " kC, (53)

This radiated force F can be decomposed into components in phase with the
velocity and the acceleration of the structure in the following manner

SO

(54)

where # and # are the total added mass and damping coefficients, respectively,
and are considered real. Now from Egs. (1), (52), and (54) we get

HA(Ka) ooy Kulkad) o

Ho+i A =—wpan(—-——
kHl(k) ok, K/(k a)

(55)

The dimensionless added mass and damping coefficient can be obtained by
equating the real and imaginary parts of the following equation:

Mo A
o paw Ay (56)
where

ke i) opkucy” Kalkia)
(kay H (ka) kA K, (k) " ®7)
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Thus the corresponding dimensionless damping coefficient and added mass could
be wrote respectively

A ke, im H 11(ka))

=—Im[Y |]=—x
pa’o Y=y H (ka) (58)
2 1 0 2
B Re[Y ]- (X el ke Kid)y
pa (ka)®  HY'(ka) = (k,a)" K/(k.a)
2 2
where KCo' is a function of kh and nCn are functions of Xn" These two

coefficients are numerically evaluated and presented in graphical form. In the
following section we will discuss the asymptotic behavior of these two coefficients
for high and low frequency waves.

4) Properties of Hankel functions
Hankel functions are the mathematical functions, suitable for both symbolic and

H,'(x) In ()Y () g Ha ) g

H 1
given by In () =Y, (x). Hy ' (X) has a branch cut discontinuity in the complex

Z plane running from —© to 0. For certain special arguments, Hankel functions
automatically evaluates to exact values and can be evaluated to arbitrary numerical
precision.

numerical manipulation. is given by and

5) Comparisons and verification

It is worth citing that for h/a=3.57 h/a=50 and our problem is
comparable with Rahman and Bhatta [15] To verify the accuracy of our results, the
present results are compared in Figs. 2-5 with recent reference and are found to be
in good agreement.

6) Results and Discussion

The specific formulas used for the calculation of added mass and damping
coefficients (Egs. (58), (59)) are investigated in this section physically and
mathematically. The required routines for the calculation of Bessel and Hankel
functions and solution of linear equations are obtained by Mathematica software. For

higher values of ka calculations of added mass coefficient are very difficult. This
difficulty is primarily due to the singular nature of the equation

katanh (kh) =—k atan(k, h) for a given ka ang kh.

Fig. 6 shows analytical values computed for added damping coefficients as a
function of K& for various values of "/@ It is clear that the analytical curves
increase sharply as K& increases for small values of k@ for all h/a. for

intermediate values of ka, these curves start decreasing. It has been found that the
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decreasing rate is very slow for large values of ka and approaches zero in infinity.
Fig. 7 illustrates the dimensionless added mass as functions of ka for different
values of N/a Itis interesting, Existence of both maximum and minimum points of
this curves in a short distance.

For study of solution’s order of added mass coefficient, Figs. 8-11 are presented.
These figures show analytical solution of added mass coefficient for different order

of solution (n). It is obvious that for small values of N /@ lower order of solution is

reliable but for large values of h/a higher order of solution is required. These
figures show that, basically election of N =4 s agreeable for whole of quantity of
h/a. Performing of the solution until higher order cause that solution procedure be
very long. Also, according to Fig. 8, it is clear that with increasing n, the
dimensionless added mass increases monotonically.

7) Conclusions

In present paper the analytical solution for the added mass and damping
coefficient of a large surface piercing circular cylinder extending to the seabed is
prepared. The analytical solution has been obtained by using the eigenfunction
expansion procedure. Comparison with previous work indicates good agreement
over a range of frequencies the added mass and damping coefficient are plotted along

with the actual analytical solutions. Also, influence of solution's order () on the
final results of added mass coefficient is studied and it could be concluded that for
small quantities of h/a Jower order of solution is reliable but for large values of
h/a higher order of solution is required. Also, these results show that forth order of
solution is agreeable generally.

It should be mentioned, in this work because of singular nature of the equation
katanh (kh) =—k atan(k,h) for a given

difficult.

ka and kh solving procedure is very

Figure Captions
1.Coordinate system and flow model.

2.Validation of results with the previously published data [15] for dimensionless added

D=3.57.

damping when &

3.Validation of results with the previously published data [15] for dimensionless added

E=3.57.

mass when &

4.Validation of results with the previously published data [15] for dimensionless added
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b _s0

damping when &

5.Validation of results with the previously published data [15] for dimensionless added

h =5.0.

mass when &

6.Dimensionless added damping coefficient as a function of ka for various values of
h/a.

7.Dimensionless added mass coefficient as a function of ka for various values of h/a.

8.Analytical solution of added mass coefficient for different order of solution (n) when

h =5.0.
a

9.Analytical solution of added mass coefficient for different order of solution (n) when

T
a

10.Analytical solution of added mass coefficient for different order of solution (n) when

T
a

11.Analytical solution of added mass coefficient for different order of solution (n) when

"o
a

Figures

81



Amir Basiri Parsa, Mohammad Ali Kazemi

Dimensionless added damping

Proposing an Exact Solution and Order ...

Al

=y
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a=5.0 (present work)
Wa=50 [15]

15F
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Dimensionless added mass
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Dimensionless added damping
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5 10 15 20 ka

Fig. 4.

Dimensionless added damping
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=
S

®

Dimensionless added mass
>

Dimensionless added mass

Fig. 8. Fig. 9.

Dimensionless added mass
Dimensionless added mass

4 i %
Fig. 10. Fig. 11.

Nomenclature

a radius of circular cylinder

F force

g gravitation acceleration

h depth of water

H,*' the m - order Hankel function of the first kind
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H,’ the m - order Hankel function of the second kind
J, the m - order Bessel function of the first kind

k the wavenumber

Ko the m - order modified Bessel function of second kind
P pressure

r radial distance from the z -axis

t time

U complex velocity amplitude

\'A velocity of the cylinder, normal to surface

X distance along of wave motion

y distance perpendicular of wave motion

Y., the m - order Bessel function of the second kind

z vertically upward distance from the still water level

Greek letters

A total added damping
@ complex velocity potential
w excitation frequency
n complex free surface elevation
0 angular position from the positive X -axis
H total added mass
P Water density
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